The weak energy condition and the expansion history of the Universe  by Sen, A.A. & Scherrer, Robert J.
Physics Letters B 659 (2008) 457–461
www.elsevier.com/locate/physletb
The weak energy condition and the expansion history of the Universe
A.A. Sen a, Robert J. Scherrer b,∗
a Center for Theoretical Physics, Jamia Millia Islamia, New Delhi 110025, India
b Department of Physics & Astronomy, Vanderbilt University, Nashville, TN 37235, USA
Received 10 July 2007; received in revised form 20 November 2007; accepted 29 November 2007
Available online 4 December 2007
Editor: A. Ringwald
Abstract
We examine flat models containing a dark matter component and an arbitrary dark energy component, subject only to the constraint that the
dark energy satisfies the weak energy condition. We determine the constraints that these conditions place on the evolution of the Hubble parameter
with redshift, H(z), and on the scaling of the coordinate distance with redshift, r(z). Observational constraints on H(z) are used to derive an
upper bound on the current matter density. We demonstrate how the weak energy condition constrains fitting functions for r(z).
© 2007 Elsevier B.V. All rights reserved.1. Introduction
Observational evidence [1,2] indicates that roughly 70% of
the energy density in the universe is in the form of an ex-
otic, negative-pressure component, dubbed dark energy. (See
Ref. [3] for a recent review.) If ρDE and pDE are the density
and pressure, respectively, of the dark energy, then the dark en-
ergy can be characterized by the equation of state parameter w,
defined by
(1)w = pDE/ρDE.
Although the simplest possibility for the dark energy is a
cosmological constant, which has w = −1, many other possi-
bilities have been proposed, including an evolving scalar field
(quintessence) [4–8], a scalar field with a non-standard kinetic
term (k-essence) [9–17], or simply an arbitrary barotropic fluid
with a pre-determined form for p(ρ), such as the Chaplygin gas
and its various generalizations [18–25].
Lacking a definite model for the dark energy (aside from the
perennial favorite cosmological constant), it is interesting to de-
termine what can be derived from fairly general assumptions
about the nature of the dark energy. In particular, a plausible as-
sumption about the dark energy is that it obeys the weak energy
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doi:10.1016/j.physletb.2007.11.070condition (WEC). If Tμν is the energy–momentum tensor of the
dark energy, then the weak energy condition states that
(2)Tμνtμtν  0,
where tμ is any timelike vector. In a Friedman–Robertson–
Walker universe, this reduces to a condition on the density and
pressure:
(3)ρ  0,
and
(4)ρ + p  0.
Although models in which the dark energy violates the WEC
are not inconsistent with current observations (as first pointed
out by Caldwell [26]), there are good reasons to believe that the
WEC is satisfied [27–30].
The WEC has already been used previously to constrain the
expansion history of the universe [31–37]. These previous stud-
ies, however, all applied the WEC constraints (Eqs. (3) and (4))
to the total cosmological fluid. Similarly, Schuecker et al. [38]
applied several other energy conditions to the total cosmologi-
cal fluid. In this Letter, instead, we assume a model consisting
of matter plus a fluid obeying the WEC, and we determine the
corresponding constraints that this places on the expansion his-
tory.
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H(z) and r(z) from the WEC. In Section 3, we apply these
constraints to analyses of the observations. Our results are dis-
cussed in Section 4.
2. Consequences of the weak energy condition
We assume a flat Friedman–Robertson–Walker model, con-
taining a pressureless matter component and a dark energy
component obeying the WEC. The radiation contribution to the
density at late times is negligible and can be neglected. The
matter density includes both baryonic and dark matter, and it
scales with redshift z as
(5)ρM = ρM0(1 + z)3,
where the 0 subscript will refer throughout to present-day val-
ues. The WEC imposes two conditions on the dark energy den-
sity: first, that
(6)ρDE  0,
at any redshift (a restatement of Eq. (3)) and second, that
(7)dρDE
dz
 0,
which is a consequence of Eq. (4).
Now consider the consequences of these constraints for the
redshift-dependent Hubble parameter H(z), defined by
(8)H(z)2 = 8πG
3
(ρM + ρDE).
It is convenient to work in terms of the present-day value Hub-
ble parameter, H0, and to use the critical density ρC defined
by H 20 = (8πG/3)ρC . As usual, we take ΩM = ρM0/ρC and
ΩDE = ρDE0/ρC , and our assumption of a flat universe gives
ΩM +ΩDE = 1. Our Ω’s will always refer to present-day quan-
tities; we omit the 0 subscript in this case for simplicity. Then
Eq. (8) can be rewritten as
(9)H˜ (z)2 = ΩM(1 + z)3 + (1 − ΩM)
(
ρDE(z)/ρDE0
)
,
where we have defined H˜ (z) ≡ H(z)/H0. The WEC forces
(ρDE(z)/ρDE0) 1 for z > 0, so Eq. (9) becomes
(10)H˜ (z)2 ΩM(1 + z)3 + 1 − ΩM.
Going back to Eq. (9) and taking the derivative with respect to z
(which we denote throughout with a prime) gives:
(11)2H˜ (z)H˜ ′(z) = 3ΩM(1 + z)2 +
[
(1 − ΩM)/ρDE0
]dρDE
dz
.
Now the WEC implies that dρDE/dz 0, so we get
(12)H˜ (z)H˜ ′(z) 3
2
ΩM(1 + z)2.
Eqs. (10) and (12) give the constraints that the WEC for the
dark energy places on the redshift-dependent Hubble parame-
ter. Note that these constraints are not independent. The limit
in Eq. (12), together with H˜ (0) = 1, implies the limit given in
Eq. (10), but the converse is not true. Although Eq. (12) givesthe stronger limit, we include both limits because current data
can provide some estimates for H˜ (z) (as in the next section),
but are too poor to provide any limits on H˜ ′(z). By construc-
tion, the standard CDM model saturates both limits. Eq. (12)
was previously introduced by Sahni and Starobinsky in the con-
text of quintessence models [39] and by Boisseau et al. in the
examination of scalar-tensor models [40].
Now consider the coordinate distance r(z), defined by
(13)r(z) =
z∫
0
dz′
H(z′)
.
The coordinate distance is important because it is directly
related to the luminosity distance, dL, through dL = c(1 +
z)r(z)/H0, and it is dL which is measured in supernova red-
shift surveys. Hence, a considerable effort has been put into
designing parametrizations for r(z) to fit to the supernova data
[41–48]. The purpose of many of these investigations is to go
from a best-fit form for r(z) to the potential for an underlying
quintessence model.
The derivative of Eq. (13) gives
(14)r ′(z) = 1
H(z)
,
which, when combined with Eq. (10), yields
(15)r ′(z)H−10
[
ΩM(1 + z)3 + (1 − ΩM)
]−1/2
.
Similarly, Eq. (12) yields
(16)− r
′′(z)
r ′(z)3
 3
2
H 20 ΩM(1 + z)2.
Eqs. (15) and (16) give the dark-energy WEC constraint on the
coordinate distance. As for the limits on H˜ (z), Eq. (16) implies
(15), but the converse is not true.
3. Comparison with observations
Consider first our limits on the evolution of H(z). Estimates
of H(z) were derived by Simon, Verde, and Jimenez [49] us-
ing passively evolving galaxies; these limits have been used to
constrain cosmological parameters in dark energy models [50].
A second approach to deriving H(z) based on the Supernova
data has been explored in Refs. [51] and [52]. We will use the
results of [49] in our discussion here.
Eq. (10) can be rewritten as
(17)ΩM  H˜ (z)
2 − 1
(1 + z)3 − 1 .
Thus, a single value of H˜ (z) can provide an upper bound
on ΩM . Since our bound applies to any dark energy model sat-
isfying the WEC, we do not attempt to fit any particular model
(as was done in Ref. [50]); rather, we calculate the upper bound
individually for each H(z) measurement. The upper bound on
ΩM depends on H˜ (z) = H(z)/H0, so our results will natu-
rally be sensitive to the value of H0. Following Ref. [50] we
consider two priors for H0: H0 = 73 ± 3 km s−1 Mpc−1 from
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condition applied to the dark energy, using the H(z) values in Ref. [49], for
H0 = 73 ± 3 km s−1 Mpc−1.
Fig. 2. As Fig. 1, for H0 = 68 ± 4 km s−1 Mpc−1.
WMAP [53], and H0 = 68 ± 4 km s−1 Mpc−1 from the median
statistics analysis in Ref. [54]. Our results are shown in Figs. 1
and 2 (where all error bars are 1-sigma). For z = 1.53, where
the error bars are smallest, we get the tightest upper bound on
ΩM : ΩM  0.18 ± 0.05 for H0 = 73 ± 3 km s−1 Mpc−1, and
ΩM  0.21 ± 0.06 for H0 = 68 ± 4 km s−1 Mpc−1. (For a very
different approach, see Ref. [55].)
Next we consider the consequences of the limits on the co-
ordinate distance r(z) given by Eqs. (15) and (16). The quantity
observers actually measure is the apparent magnitude m(z),
given by
(18)m(z) =M+ 5 Log10
(
DL(z)
)
,
where DL is the Hubble-free luminosity distance,(19)DL(z) = (1 + z)
z∫
0
dz′ H0
H
(
z′
) ,
andM is the magnitude zero-point offset, which depends on
the absolute magnitude M as
(20)
M= M + 5 Log10
(
H−10
Mpc
)
+ 25 = M − 5 Log10 h + 42.38.
The distance modulus given by the SNIa data is defined as
(21)μ(z) = m(z) − M = 5 Log10
(
DL(z)
)+ μ0,
where μ0 = 42.38 − 5 Log10 h.
As an example, we now choose a representative fitting func-
tion, translate it into a fitting function for r(z), and then de-
termine how the WEC constrains the parameters of the fitting
function. In this Letter, we use the fitting function for μ, first
introduced by Padmanabhan and Choudhury [47], given by
(22)μf it = μ0 + 5 Log10
[
z(1 + w1z)
(1 + w2z)
]
,
where μ0,w1 and w2 are the three independent fitting parame-
ters. By comparing Eqs. (21) and (22), we can write
(23)DL = z(1 + w1z)
(1 + w2z) ,
so that
(24)r(z) = 1
H0
z(1 + w1z)
(1 + z)(1 + w2z) .
Since we have an analytic form for r(z), we use Eq. (16) alone
to determine the values of w1 and w2 which violate the WEC;
any r(z) which satisfies Eq. (16) will automatically satisfy
Eq. (15). We require Eq. (16) to be satisfied for z < 2, the range
over which the supernova data extend.
The allowed region for w1 and w2 is displayed in Fig. 3. As
expected, the constraints are tighter for larger values of ΩM ,
but rather surprisingly, the excluded region in parameter space
is rather insensitive to the assumed value of ΩM (and a signif-
icant region of parameter space is excluded even in the limit
ΩM → 0). Also in Fig. 3, we display the confidence regions for
w1 and w2 from the supernova data, with no assumptions about
the equation of state for the dark energy. We use 60 Essence
supernovae [56], 57 SNLS supernovae [57] and 45 nearby su-
pernovae. We have also included the new data release of 30 SNe
Ia detected by HST and classified as the Gold sample by Riess
et al. [58]. The combined data set can be found in Ref. [59].
Clearly, the best-fit values for w1 and w2 lie slightly outside
of the allowed region for ΩM  0.3. Not too much should be
read into this: given that CDM models provide a good fit to
all current observations, and such models saturate our bounds,
we would expect the best fit parameters to lie near the boundary
of the excluded region. The important point is that Fig. 3 shows
how one can use our constraints on r(z) to eliminate regions of
parameter space for which the dark energy violates the WEC.
Of course, it is also possible to parametrize w as a function
of z and use this parametrization to derive a form for r(z) (see,
460 A.A. Sen, R.J. Scherrer / Physics Letters B 659 (2008) 457–461Fig. 3. The region in the w1, w2 plane allowed by the weak energy condition for
the parametrization of r(z) given in Eq. (24). The region between the two sets
of curves is allowed. Right-hand boundaries are given for ΩM = 0.2 (dashed),
ΩM = 0.3 (dotted) and ΩM = 0.4 (dot-dash). Left-hand boundary (solid) is
independent of ΩM . The two ellipses are the 1σ and 2σ contours obtained by
fitting equation (22) to the supernova data without the weak energy constraint.
e.g., Ref. [44]); in this case the WEC is trivially satisfied as long
as the parametrization for w(z) forces 1 + w(z) to be nonnega-
tive.
4. Discussion
We have examined how the WEC constrains the redshift
evolution of both the Hubble parameter H(z) and coordinate
distance r(z). The constraint on H(z) can be combined with
observations of H(z) to put upper bounds on ΩM . While the
scatter in these estimated upper limits is large, as are the errors,
the important point is that these are generic upper limits, inde-
pendent of the nature of the dark energy (as long as it satisfies
the weak energy condition). Improved measurements, partic-
ularly of H(z), will strongly improve this upper bound. The
constraints on r(z) do not provide similarly useful limits, but
they can be applied to any parametrization of r(z) to eliminate
in advance any regions of parameter space in which the dark
energy violates the weak energy condition.
What happens if the WEC is violated by the dark energy? If
one allows for arbitrary evolution, then there are clearly no con-
straints on r(z) and H(z). An intermediate case, which provides
weaker limits than the ones we have discussed, is when the
WEC applies to the total fluid (matter and dark energy together)
[31–37]. In this case, for example, there is no limit correspond-
ing to Eq. (10), while the limit corresponding to Eq. (12) be-
comes H˜ (z)H˜ ′(z) 0. Thus, this version of the WEC provides
no bound on ΩM , although it does constrain the evolution of
H(z). Applying the WEC to the total fluid also yields con-
straints on r(z); these are discussed in detail in Ref. [32]. These
constraints are weaker but more general than the constraints we
have obtained by applying the WEC to the dark energy alone.Acknowledgements
R.J.S. was supported in part by the Department of Energy
(DE-FG05-85ER40226). We thank D. Polarski for helpful com-
ments.
References
[1] R.A. Knop, et al., Astrophys. J. 598 (2003) 102.
[2] A.G. Riess, et al., Astrophys. J. 607 (2004) 665.
[3] E.J. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006)
1753.
[4] B. Ratra, P.J.E. Peebles, Phys. Rev. D 37 (1988) 3406.
[5] M.S. Turner, M. White, Phys. Rev. D 56 (1997) R4439.
[6] R.R. Caldwell, R. Dave, P.J. Steinhardt, Phys. Rev. Lett. 80 (1998) 1582.
[7] A.R. Liddle, R.J. Scherrer, Phys. Rev. D 59 (1999) 023509.
[8] P.J. Steinhardt, L. Wang, I. Zlatev, Phys. Rev. D 59 (1999) 123504.
[9] C. Armendariz-Picon, T. Damour, V. Mukhanov, Phys. Lett. B 458 (1999)
209.
[10] J. Garriga, V.F. Mukhanov, Phys. Lett. B 458 (1999) 219.
[11] T. Chiba, T. Okabe, M. Yamaguchi, Phys. Rev. D 62 (2000) 023511.
[12] C. Armendariz-Picon, V. Mukhanov, P.J. Steinhardt, Phys. Rev. Lett. 85
(2000) 4438.
[13] C. Armendariz-Picon, V. Mukhanov, P.J. Steinhardt, Phys. Rev. D 63
(2001) 103510.
[14] T. Chiba, Phys. Rev. D 66 (2002) 063514.
[15] L.P. Chimento, A. Feinstein, Mod. Phys. Lett. A 19 (2004) 761.
[16] L.P. Chimento, Phys. Rev. D 69 (2004) 123517.
[17] R.J. Scherrer, Phys. Rev. Lett. 93 (2004) 011301.
[18] A.Y. Kamenshchik, U. Moschella, V. Pasquier, Phys. Lett. B 511 (2001)
265.
[19] N. Bilic, G.B. Tupper, R.D. Viollier, Phys. Lett. B 535 (2002) 17.
[20] M.C. Bento, O. Bertolami, A.A. Sen, Phys. Rev. D 66 (2002) 043507.
[21] A. Dev, J.S. Alcaniz, D. Jain, Phys. Rev. D 67 (2003) 023515.
[22] V. Gorini, A. Kamenshchik, U. Moschella, Phys. Rev. D 67 (2003)
063509.
[23] R. Bean, O. Dore, Phys. Rev. D 68 (2003) 23515.
[24] T. Multamaki, M. Manera, E. Gaztañaga, Phys. Rev. D 69 (2004) 023004.
[25] A.A. Sen, R.J. Scherrer, Phys. Rev. D 72 (2005) 063511.
[26] R.R. Caldwell, Phys. Lett. B 545 (2002) 23.
[27] S.M. Carroll, M. Hoffman, M. Trodden, Phys. Rev. D 68 (2003) 023509.
[28] J.M. Cline, S. Jeon, G.D. Moore, Phys. Rev. D 70 (2004) 043543.
[29] R.V. Buniy, S.D.H. Hsu, Phys. Lett. B 632 (2006) 543.
[30] R.V. Buniy, S.D.H. Hsu, B.M. Murray, Phys. Rev. D 74 (2006) 063518.
[31] M. Visser, Phys. Rev. D 56 (1997) 7578.
[32] J. Santos, J.S. Alcaniz, M.J. Reboucas, Phys. Rev. D 74 (2006) 067301.
[33] S.E. Perez Bergliaffa, Phys. Lett. B 642 (2006) 311.
[34] J. Santos, J.S. Alcaniz, N. Pires, M.J. Reboucas, Phys. Rev. D 75 (2007)
083523.
[35] J. Santos, J.S. Alcaniz, M.J. Reboucas, N. Pires, Phys. Rev. D 76 (2007)
043519.
[36] J. Santos, J.S. Alcaniz, M.J. Reboucas, F.C. Carvalho, Phys. Rev. D 76
(2007) 083513.
[37] Y. Gong, A. Wang, Phys. Lett. B 652 (2007) 63.
[38] P. Schuecker, et al., Astron. Astrophys. 402 (2003) 53.
[39] V. Sahni, A.A. Starobinsky, Int. J. Mod. Phys. D 9 (2000) 373.
[40] B. Boisseau, G. Esposito-Farese, D. Polarski, A.A. Starobinsky, Phys. Rev.
Lett. 85 (2000) 2236.
[41] D. Huterer, M.S. Turner, Phys. Rev. D 60 (1999) 081301.
[42] T. Chiba, T. Nakamura, Phys. Rev. D 62 (2000) 121301.
[43] T.D. Saini, S. Raychaudhury, V. Sahni, A.A. Starobinsky, Phys. Rev.
Lett. 85 (2000) 1162.
[44] B.F. Gerke, G. Efstathiou, Mon. Not. R. Astron. Soc. 335 (2002) 33.
[45] J. Weller, A. Albrecht, Phys. Rev. D 65 (2002) 103512.
[46] T. Padmanabhan, T. Roy Choudhury, Mon. Not. R. Astron. Soc. 344
(2003) 823.
[47] T. Roy Choudhury, T. Padmanabhan, Astron. Astrophys. 429 (2005) 807.
A.A. Sen, R.J. Scherrer / Physics Letters B 659 (2008) 457–461 461[48] C. Li, D.E. Holz, A. Cooray, Phys. Rev. D 75 (2007) 103503.
[49] J. Simon, L. Verde, R. Jimenez, Phys. Rev. D 71 (2005) 123001; http://
www.physics.upenn.edu/~lverde/depapers.html.
[50] L. Samushia, B. Ratra, Astrophys. J. 650 (2006) L5.
[51] R.A. Daly, S.G. Djorgovski, astro-ph/0512576.
[52] A. Shafieloo, U. Alam, V. Sahni, A.A. Starobinsky, Mon. Not. R. Astron.
Soc. 366 (2006) 1081.
[53] D.N. Spergel, et al., astro-ph/0603449.[54] J.R. Gott, M.S. Vogeley, S. Podariu, B. Ratra, Astrophys. J. 549 (2001) 1;
G. Chen, J.R. Gott, B. Ratra, Publ. Astron. Soc. Pac. 115 (2003) 1269.
[55] H. Zhang, Z.-H. Zhu, astro-ph/0703245.
[56] G. Miknaitis, et al., astro-ph/0701043.
[57] P. Astier, et al., Astron. Astrophys. 447 (2006) 31.
[58] A.G. Riess, et al., astro-ph/0611572.
[59] T. Davis, et al., astro-ph/0701510.
